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Problem 4.36

An electron is at rest in an oscillating magnetic field

B = By cos(wt) k,
where By and w are constants.

(a) Construct the Hamiltonian matrix for this system.

(b) The electron starts out (at ¢ = 0) in the spin-up state with respect to the z axis (that is:

x(0) = Xf)). Determine x(t) at any subsequent time. Beware: This is a time-dependent

Hamiltonian, so you cannot get x(¢) in the usual way from stationary states. Fortunately, in
this case you can solve the time-dependent Schrédinger equation (Equation 4.162) directly.

(c) Find the probability of getting —f/2, if you measure S,. Answer:

B
sin? <720 sin(wt)) .

w

(d) What is the minimum field (By) required to force a complete flip in S,?

Solution

Part (a)

The Hamiltonian matrix for an electron, which has spin 1/2, at rest in a magnetic field is given in
Equation 4.158 on page 172.

H=-B-S (4.158)
= —y(Bpcoswtz) S

= —~yBycoswtS,

hil 0
= —vBgcoswt 5 [O _J

Boh
_¥Po coswt 0

yBoh
coswt
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Part (b)

The governing equation for the time evolution of x, the spin state (or spinor), is the Schrodinger
equation. The spinor that starts out in the spin-up state with respect to the z-axis satisfies the
following initial value problem.

ox

h— =Hy, t>0
Wor — X

=<
=
Il
=
Yz
Il
S Sk

Substitute the Hamiltonian matrix.

— coswt 0
L dx
zh% = B X
0 20 coswt
vBo
CLX - i coswt 0 )
dt  ih Boh
0 7 cos wt
[ Bo coswt 0
d xa®)] | 2 x1(t)
dt Xg(t) 1y By Xg(t)
0 — coswt
L 2
[ ivBy
[Xll(t)] - 5 oS wt x1(t)
L | B
xa(t) — 20 coswt x2(t)

This matrix equation leads to a decoupled system of first-order ODEs. Solve this system for 1

and xo.

( 1vBy

Xi(t) = 72 cos wt x1(t)

By

Xa(t) = — cos wt x2(t)
X1 “roo coswt

X1

/ . B
X2 = _ro cos wt
X2 2
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Rewrite each left side by using the chain rule and then integrate both sides with respect to t.

(

B
x1(t) = exp ( ;wo

,

x1(t) = Ay exp < 5

The general solution for y is then

~ a®)
xt) = [Xz(t)

Use the initial condition to determine A; and As.

Aq exp(0)
x(0) = =
Ag exp(0)

S-S

Therefore, the spin state at any subsequent time ¢ is

7 exp (WBO sin wt)
x(t) =
exp ( ”230 sin wt)

Sl
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iyB
Xa(t) = exp <— ;wo

ivBy . )
sin wt
w
B
2o sin wt>
w

x2(t) = Agexp <— 5

Aqexp <

Asexp ( B

( dl ivBy ;
—In CcosSw
ar T T
d] Z’)/B() ‘
—In CoSw
dt X2 =
vB, sin wt
Iny; = 70 ( > + C
2 w
ivBy [ sinwt
Inys = — 20 < > + CYy
2 w

sin wt + Cl)

sin wt + C’g)

L exp(
V2 exp(

0 sin wt)

)

“Bo gin wt)

vBo
2w
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Part (c)

The probability of measuring —%/2 for the component of spin angular momentum along the

x-direction is the modulus squared of the component of |y) along | X@).

(-

2
)
2
x| X>(
2
x(_”x‘

The normalized eigenfunction (or rather eigenspinor in this context) associated with the
eigenvalue —h/2 for S, is in Equation 4.151 on page 169.

Consequently,

L ] R (ngo sin wt)
pl_-2) =] — il
( 2> \/5 [_1:| \/i _1yBo

exp(
1—

1 [ | [exp (igfo sinwt)
—-n -1

exp (—@ sin wt)

1 -e Z’}/BO
= — |ex

4| P\ 2w

1 _e ’L")/B()
= — |ex

4| P\ 2w

17 iy B
= - 1—exp<w0
4| w

exp ( 5,0 sin wt)

2

2w

1 By . y iy Bo
= — |ex sinwt | —exp | —

1 [P\ T P\ 2w

v B,

sinwt> — exp <Z’y 0

2w

. > < ivBo
sinwt | —exp | —

2w

iv B

sinwt) — exp <— 20

w

2B gin wt) + exp (—M sin wt)

w

1

w

2

2

sin wt)

v B
sin wt)} [exp <Z,y 0
2w

iy B
sin wt)] [exp <_W 0
2w

sin wt) + 1]

N | =
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2

v B

sinwt) — exp ( 20
2w

v B

sin wt) — exp <Z,y 0
2w

)]
)
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Therefore,
h 1
P <—2> = 5 [1 — cos (sinwt)]
1 B
= 5 {1 — cos [2 <72wO sinwtﬂ }
1 B
= {1 _ [1 — 95in? (fyzwo sinwtﬂ }
1 B
= 3 [2 sin® <72w0 sin wt)]
= sin? (PYBO sin wt) .
2w
Part (d)

The spin state starts out as spin-up with respect to the z-axis. This means a measurement of S,
would result in +/4/2 with certainty. For a complete flip in S, to happen, a measurement of S,
would have to yield —//2 with certainty, that is,

h B
Pl-=)=1 = sin? usimwt =1
2 2w

B
720 sinwt = il
2w 2

W

0= —"— .
7 sin wt
The minimum value of By occurs when sinwt = 1.

By ™
v
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